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Abstract 

We show how the super embedding formalism can be applied to construct manifestly kappa- 
symmetric higher derivative corrections for the D9-brane. We also show that all correction 
terms appear at even powers of the fundamental length scale /. We explicitly construct the first 
potential correction, which corresponds to the kappa-symmetric version of the d^F'^, which one 
finds from the four-point amplitude of the open superstring. 



1 Introduction 



The derivation of the effective dynamics of branes in string- and M-theory is a difficult problem. 
Born-Infeld theory has been shown to describe, in the limit of slowly varying field strengths, the 
effective dynamics of D-branes to all orders in a' However, when this limit is not valid, 

"derivative corrections" to Born-Infeld theory, that is correction terms involving the derivatives 
of the fields, i.e. the world volume field strength tensor and the transverse location of the brane, 
must be taken into account. The first such correction term was calculated in j3j. In recent 
years, there has been some progress in the construction of corrections, see for example |1J|3]. 
Also, more recently, there have been several approaches based on supersymmetry. In [HI Ej, 
for example, the leading supersymmetric correction for the gauge field in the Abelian case, 
which is the supersymmetric completion of d^F'^, has been derived. The full supersymmetric 
four-point function was constructed in The leading correction to the non- Abelian theory, 
as a description of coinciding D-branes, has also been identified using various methods, see 
O E3 El El El El • A non- Abelian generalisation of the four-point function of ^ was 
discussed in |16j . However, all these results do not possess the K-symmetry of the undeformed 
D-brane actions fTTHTS] . 

The superembedding formalism is a manifestly K-symmetric method for deriving brane dynamics. 
It was developed in |2n[ 1211 122j ^ and extended into a general framework for the description 
of superbranes in [23 |2S1 IIHI HZl I2H]- Superembeddings have been used to construct higher 
derivative brane actions [291 l3Uj . For the M2-brane, which has no gauge degrees of freedom, 
the first potential ^-symmetric correction term has been constructed in |31| . using a (deformed) 
superembedding. In the present work, we use an approach similar to that developed in |31j . 
We draw on the concept of spinorial cohomologies jlUl llll 1321 133j to construct the K-symmetric 
equations of motion corresponding to the d'^F'^-teim for the D9-brane. We prove that it is the 
first such potential derivative correction. 

The dynamics of the D9-brane are captured by two systems of equations which are linked: the 
torsion equation, which gives the world-volume torsion of the brane in terms of the pullback 
of the target-space torsion, and the world-volume Bianchi identities for the gauge field living 
on the brane. Dimensional analysis puts a natural constraint on the components of the field 
strength super 2-form, the so-called jF-constraint. This constraint implies Born-Infeld dynamics 
for the D9-brane. The introduction of a fundamental length scale allows us to deform the 
^-constraint and thereby the Bianchi identities. This leads to derivative corrections in the 
equations of motion. This approach is the gauge-field analogue of that used in [HJ|, in which 
the first potential derivative correction for the M2-brane was constructed by deforming the 
constraint on transverse degrees of freedom, the "embedding constraint" . 

Section 2 summarises the superembedding approach as applied to the D9-brane. This section 
essentially contains material covered before [33 |3S1 [HHl I3Z1 , but serves to prepare the ground for 
the discussion of derivative corrections in this approach. 

In section 3 we prove generally that deformations of D9-dynamics and also D=10 SYM (or, in 

^Note that the concept of source and target superspace appeared already in |19|. For a review of superembed- 
dings see |23|. 
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fact D=10 Yang- Mills coupled to a spinor of canonical dimension), can only exist with coefficients 
of even powers of the fundamental length scale /, or, if one likes, integer powers of a'. We then 
explicitly deform the standard constraints on the D9-brane in powers of the fundamental length 
scale I. We show that the first potential deformation allowed, which is at does not exist. We 
then explicitly construct the deformation at the next order, cubic in fields. As in the case 
of the M2-brane, the problem turns out to be a spinorial cohomology problem as described in 
|1U1 lllj . We find a unique solution cubic in fields (but have not checked consistency at higher 
orders in fields or higher powers of 1). 

In section 4 we show the effect of the deformed constraint on the kappa-symmetric equations of 
motion for the worldvolume theory. 

We conclude with some comments on higher order terms and other branes. 

2 The D9-brane as a superembedding 

Superembeddings are the generalisation of surface theory to super manifolds. They are well 
suited for describing gauge invariant brane dynamics for the branes which arise in superstring 
theories and M-theory. The fermionic gauge symmetry, kappa-symmetry, which is present in 
the Green-Schwarz description of such objects has a natural geometrical interpretation as the 
odd part of the local reparametrisation invariance of the embedded manifold (the brane). The 
parameter of the kappa symmetry in the Green-Schwarz formalism is replaced by an odd vector 
field on the worldvolume of the brane. 

We consider such an embedding, with Ai labelling the worldvolume of a p-brane and A4 labelling 
the D dimensional target space, which we take to be flat. The embedding is a map, 



The cotangent frame on the target space, can be pulled back to the worldvolume 

via the pullback map, /*, and expressed in terms of the cotangent frame on the worldvolume. 



We use the convention that Latin indices refer to the bosonic directions and Greek indices to the 
fermionic directions. Capital letters are used for both, A = (a, a). Underlined indices refer to 
target space quantities while those without an underline refer to the worldvolume. Target space 
indices are split by the embedding into directions tangential and normal to the worldvolume. 
Normal directions are denoted with a primed index, a' or a' . The matrix Ea— is called the 
embedding matrix and contains the geometrical information of the embedding. It can be put 
into a general form. 



M. 



(1) 



f*E^ = E^Ea-. 



(2) 




(3) 
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Here the matrix Ua- is an element of SO{l,D — 1) and is the corresponding element of 
Spin{l,D — 1). For certain superembeddings, the standard constraint 



Ea- = 0, 



(4) 



implies the equations of motion for the worldvolume supermultiplet. Embeddings describing 
the M2-brane and M5-brane are examples of this. For some superembeddings of low bosonic 
codimension, a second constraint, called the ^-constraint, is required. In the D-brane superem- 
beddings there is a closed super three-form, H_, in the type II supergravity background. One 
introduces a worldvolume two-form, J^, which satisfies dJ^ = f*H_. The standard ^-constraint 
takes the form 



In the absence of an explicit length scale, with the standard embedding condition, no objects 
of negative mass dimension appear. Dimensional analysis then forces the above form of the 
J^-constraint. The constraint implies that the multiplet on the worldvolume of the D-brane is 
given by the Maxwell supermultiplet (which is on-shell) and thus the fields are constrained to 
satisfy their equations of motion. One can write the two-form, as 



Here, is the two-form potential for H_ in the background, dB_ = H_, and F is a two-form 
field strength for the worldvolume one-form gauge potential. A, satisfying dA = F. In a fiat 
background, one can give an explicit solution for _B in terms of the target space coordinates. 
The deformation of the standard Maxwell constraints on the components of F, which defines 
super symmetric (Born-Infeld) theory living on the worldvolume of the D-brane, can then readily 
be deduced from the .7^-constraint. This was carried out explicitly for the D9-brane of IIB in 



In |3J a deformation of the embedding constraint was used to describe higher derivative correc- 
tions to the M2-brane equations of motion. Here we will be constructing derivative deformations 
of D9-brane dynamics. In the case of the D9-brane (and other space-filling branes), the em- 
bedding condition is satisfied without loss of generality ( so ^' in @ is 0) since there are no 
normal bosonic directions. Thus the embedding matrix must remain undeformed even when 
derivative corrections are to be included. Instead, one must deform the ^-constraint. Note that 
for space filling branes, we can also always take the matrix in to be the identity without 
loss of generality, thus identifying the bosonic cotangent frame of the two super manifolds. We 
therefore choose for our D9-brane embedding 



^af3 — ^ab — 0- 



(5) 



T = F + f*B. 



(6) 




(7) 
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Here, and from now on, the Greek indices a are 16 component Majorana-Weyl spinor indices 
of Spin{l,9). The two chirahties are denoted by upstairs and downstairs indices. The target 
space indices a can be spht into the pair ai where the index i is an SO (2) index. 

The main aim of this paper is to describe how one can systematically deform this constraint to 
include derivative corrections to Born-Infeld theory. The deformations are described in terms of 
spinorial cohomology and will be discussed in the next section. 

We now focus on the supergeometry of the D9-brane superembedding and show how one can 
deduce the equations of motion given the standard ^-constraint . We consider the embedding 
of = (1,0), D = 10 superspace into flat N = (2,0), D = 10 superspace. The worldvolume 
geometry is constrained by the torsion equation which gives the worldvolume torsion in terms 
of the target space torsion. We have 

T^Ea- = cIE^Ea- = f*dE^ = f*TA (8) 

The target space will be assumed flat throughout and hence the only non-zero component of the 
target space torsion is at dimension zero, 

TailBj" = -'i^ij{l'')al3- (9) 

In components the torsion equation reads, 

VaEb^ - {-1)^''VbEa^ + Tab'^Ec^ = {-l)^(^+^'> Eb^Ea^Tab^. (10) 
Analysing this equation level by level in dimension and substituting ©, we find: 



dimension 



dimension | : 



dimension 1 



dimension | 



Tap' = -i{6m + K^hf,'){Yhs (11) 



V = 0> (12) 
Tab" = iKb^K^{-t%p, (13) 
2V(„/i^)^ = - VA,^ (14) 



Tab^ = 0, (15) 

Tab'' = -iAAa"(7')a/3, (16) 

VaAfc^ - VbK^ = -tAb^Ac'hJil^ps (17) 



Tab"' = 0, (18) 
2V[,A,]^ = iA6^A,-AJ(7'^)„^. (19) 
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Next we proceed to the Bianchi identity for the two-form, J- ^ 



dT = f*H. (20) 
The non-zero components of the three-form, in a flat IIB background, are given by 

Hai(ijc = -KlcjafiHij. (21) 

There are two hnearly independent closed forms, given by 

Hij = (T^)ij and Hij = {t%, (22) 

with T* being the Pauli matrices. We choose the first of these solutions, Hij = (r^)jj. 
In components, the Bianchi identity reads 

3V[^^5C] + 3r[^5^.^z.|C] = (-l)^(^+^+^+^)+^(^+^)^c^^B^^A^i^A^. (23) 

Again, we analyse this level by level in dimension, 
dimension — ^ : 

V(a-^/37) + T(ap'^J^dy) = 0- (24) 

dimension : 

2V(q,.F^)c + ^c^al3 + Ta/s'^'^dc + '^Tf^ac'^J^dfi) = ^a-Ep^Ha^c- (25) 

dimension | : 

Vq.?7,c - 2V[6.Fq,c] + '^T^{b'^J^\d\c] + Tb/^da = —'^E^b'^Ea-H^c]- (26) 

dimension 1 : 

V[a-^6c] + T[ab'^J^\d\c] = Eyb''^ Ea-H^^c] (27) 

If we impose the standard constraints on given by 

^aP = ^ab = (28) 

then the Bianchi identity at dimension — ^ is automatically satisfied. We will deform the J^- 
constraint in the next section but for now we work with the undeformed constraint. 

If we linearise the above system of equations we find that the solution can be written quite 
simply. We can split A into its two irreducible representations, 

A„" = (7a)"% + A„", (29) 
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where A is gamma-traceless. Then, we substitute our results from the torsion equation into the 
Bianchi identity. From the dimension component we find, by contracting with (7^)"^ and 

ha" = ^Tcdil'X". (30) 



At dimension ^ we find 



^1^5 = 0, (31) 
= 2ik/{-f,^)afi (32) 
From the dimension 1 Bianchi identity we get 

V„V = \ybJ'cd{l'X" (33) 

V[a^fec] = (34) 

V'J'ab =0 (35) 
The dimension | Torsion equation contains 

^[ahf = (36) 

V^A^" = (37) 

The relation ()31() is the linearised fermionic equation of motion for the worldvolume theory. One 
can see this by going to static gauge, which is defined by the identification of the worldvolume 
coordinates and 9°^ with the target space coordinates x- and 6°'^. The second spinorial 
coordinate becomes the field on the worldvolume, 0°^"^ = (^"^{x"" , 9"), which is (at lowest order) the 
spinor field strength superfield of the deformed Maxwell theory. In this gauge, Aa" = VaC") so, 
at the linear level, the above equation is the Dirac equation for The full non-linear equation is 
the supersymmetric Born-Infeld equivalent. The relation H35() is the linearised bosonic equation 
of motion for the for the worldvolume theory. This obviously has the form of the Maxwell 
equation for the vector field Aa- 

The linear relations constrain the fields J-ab and A^" and their derivatives to lie in certain 
representations of Spin{l,9) (see the appendix for notation) 



Va,...VaA in the irrep (nlOOO), (38) 
Vai...Va„_,A„„" in the irrep (nOOlO). (39) 

The non-linear corrections to the linearised equations can then be regarded as an expansion in 
the above objects (i.e. the fields satisfying their lowest order relations). This is also how we will 
treat the additional non-linear corrections which appear when we deform the .7^-constraint. 

The non-linear corrections to the undeformed theory can be derived from the system of torsion 
equations and Bianchi identities. We can decompose the matrix, ha", into irreducible represen- 
tations, 

hj = h5i + habil^Xf" + habcdil'^'^X". (40) 
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As we have seen, at the hnearised level, only the two-form component of /i^ is non-zero and 
that this is the two-form component of T ^ up to a factor. The non-linear parts of ha^ will be 
denoted by h!j^ and up to cubic order in T we find 



h! = 0, (41) 
Kb = \ [^acT'^'Ti^ + \T,AT'''Tab). (42) 

^ahcd = -^^Yo^f^abcdefghij^''^ ^^^^^ ■ (43) 



The equations at dimension ^ imply. 



=2iA[/(7,])„^ - 2i{^%pK^J^d^,K^,f. (44) 

This relation is the supervariation of T in the non-linear theory. Note that the first term contains 
a linear piece and also a non-linear piece (the gamma-trace), given by 



- {7ar''K'hp^{j'),,Ac^{j'')^s] (45) 

This is the non-linear fermionic equation of motion for the worldvolume theory. One can use 
this equation to determine tp order by order in fields once ha^ is known. 

At dimension one we have 



V[„.^,,] = - iA/Aa''i^\p^c]d (46) 

V^^a, =^[10(7a)"^V,Ve " ^ bh'^"' {I'lah'^ + iA^A J/l„'^(7^)^5 (7^,)^"] , (47) 

which are, respectively, the non-linear Bianchi identity for Tab and the non-linear bosonic equa- 
tion of motion. We also find the non- linear supervariation of J-'ab, 



V„A/ = Vbh^^ - iKk^k,r^hJ{-i^)ps. (48) 

These equations determine everything as a series in the the fields of the linearised theory, i.e. 
J^ab and Afl" and their derivatives, in the representations ()38I39() . Thus we have seen that the 
^-constraint gives the full non-linear dynamics of the D9-brane worldvolume theory. 

Kappa symmetry in this formulation is manifest. The equations we have written down are 
invariant under diffeomorphisms of the worldvolume. The odd diffeomorphisms are precisely 
the kappa symmetry transformations |2H I24| I25| I28j . 
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3 Derivative corrections 



Our aim is to understand how to introduce a deformation into the theory which wih ahow a man- 
ifestly kappa-symmetric treatment of higher derivative terms. We will follow the analysis pre- 
sented in , where derivative corrections to the worldvolume theory of the eleven-dimensional 
supermembrane are discussed in the superembeddings framework. In the supermembrane set- 
ting, such corrections can be introduced via a deformation of the embedding condition E^- = 0. 
In contrast, the only freedom we have here is to relax the standard constraint on the worldvolume 
2-form !F. Thus we have to allow the components J-ajS (dimension —1) and J-^b (dimension — ^) 
to be given in terms of the covariant degrees of freedom J^ab (dimension 0) and A^" (dimension 
^), and their derivatives. We must introduce a parameter, I, with unit negative dimension in 
order to respect the negative dimensionality of the components of J-. We then search for possible 
deformations of J^a/S and Tab order by order in /. 

In addition to the constraints described in the previous section, the deformations are constrained 
by the Torsion equation and Bianchi identity which must still be satisfied. Furthermore, there 
is a degree of redundancy in these quantities which can be absorbed by field redefinitions, of 
which there are two types. Firstly, we can redefine the embedding coordinates 

^M^^M^ ^^^^K (49) 

This transformation is, equivalently, a target space diffeomorphism. The second type of redefi- 
nition is a shift of the one-form potential 



A — >A + 6A. (50) 

These redefinitions can be used to remove the gamma-trace part of J-ab- The quickest way to 
see this is as follows ^. When we perform a diffeomorphism of the target space by a vector field 
V, we see that the three- form I^, changes by 

CvIL = {iyd + diy)H_ = divH_. (51) 

The second equality follows from the closure of H_. This can be thought of as a change in the 
two-form potential 5, by i^H_. Examining the pullback of 5 we see that there is a change (at 
lowest order) to the quantity Tab 

Fob > J'ah + {lb)o.fiV^'^ , (52) 

if we choose v- = v"^ = 0. Therefore such field redefinitions can be used to remove the gamma- 
trace part of Tab- 

The second type of field redefinition is of the same form as one has in the problem of deforming 
N = 1, D = W Yang- Mills theory ^01- There are two parts to the shift in the one-form potential, 
■^We thank Paul Howe for this neat argument. 
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the vector part {6A)a, and the spinor part {5A)a. In the Yang-Mills case the vector shift can 
be used to remove the vector part of -Fa/3, leaving only the anti-self-dual 5-form part. Similarly, 
we can use it here to remove the vector part of J-'a/3 and so the deformations we are looking for 
are also given by anti-self-dual 5-forms J: 



^af3 = J"" " {■Jabcde)a/3 (53) 

In Uni, it was noted that the Bianchi identity together with the existence of the spinorial 
field redefinitions {dA)a, implied that each deformation can be identified with an element of a 
particular spinorial cohomology. This can be seen as follows. 

The relevant sequence is one of irreducible representations of Spin{l,9) 



(00000) ^ (00001) ^ (00002) ^ (00003) -M ... — > (OOOOn) ^ ... (54) 

The irreps are respectively a scalar, a downstairs spinor, an anti-self-dual 5-form, an anti-self- 
dual 5-form spinor, etc. The operations, A„, are given by the action of a spinorial derivative 
followed by projection onto the irrep (OOOOn + 1). It follows from the algebra of spinorial 
derivatives that there is a nilpotence condition, given by 



A„+iA„ = 0. (55) 

In the case of the D9-brane, the algebra of spinorial derivatives is given by the worldvolume 
torsion. At lowest order in fields this is the standard torsion and so one can use the same 
arguments as in the N = 1, D = 10 Yang-Mills case ]10[ to classify the deformations. 

The nilpotence condition allows the definition of the cohomology of A„ by 

KerA„ 

^ = , " ■ 56 

ImA„_i 

We find from the dimension — ^ Bianchi identity |51 that the anti-self-dual five- form, J-ap, must 
satisfy the condition, 

^■yJabcde " [l f[a)-i°'^ aJhcde]^ " f g[ab) ^1°"^ aJ cde]^ ^ = 0- (57) 

This condition is the statement that the (00003) representation contained in the quantity 
^aJabcde Vanishes, i.e. 



J G KerAa. (58) 

We call this the closure condition. There are some J for which the closure condition is satisfied 
trivially. Such J correspond to redefinitions, 5A, of the spinorial part of the gauge potential 1- 
form and as such do not correspond to genuine deformations. They are trivially closed because 
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they are given by J = Ai6A and closure follows from the nilpotence condition. Such J are 
referred to as exact. It therefore follows that the genuine deformations are given elements of the 
cohomology H^. We will explicitly calculate such objects. 

We will be considering an expansion in numbers of fields. Our aim is calculate the first allowed 
non-zero J which is a genuine perturbation of the Born-Infeld theory. The objects available to 
construct J are the same degrees of freedom present in the linearised theory and they can be 
taken to satisfy their linearised equations of motion and supersymmetry transformation rules 
since these are true up to higher orders in fields. We therefore have Aq" and the field strength 
tensor !Fab and their derivatives, in the representations constrained by the linearised theory (|38l 

El. 



3.1 All order constraints from dimensional analysis 

We have identified deformations of the Born-Infeld theory with anti-self-dual 5-forms, J, of mass 
dimension —1. The mass dimensions of the quantities from which we can build such J are: 

[I] = -1 (59) 
[da] = 1 (60) 

[^afe] = 0. (62) 



The only quantity that comes with a non-integer mass dimension is the fermion A (mass dim. 
|). A deformation of J-ap (mass dim. 1) of fractional mass dimension would therefore have to 
contain an odd number of As. However, J^a/s is a boson, and hence must contain an even number 
of fermions. Therefore, all deformations come at integer powers in mass dimension. 

Any deformation can be written, schematically, as 

T^f, = J" {^abcde)af3 = Z"9'A2"^- (63) 

Apart from derivatives and the fields A and J-", the expression can also contain the volume form 
e^'^ and the metric rj which carry an even number of vector indices. Dimensional analysis of the 
above equation implies 

-1 = -x + k + n (64) 

For X odd, this implies that k + n is even. Each pair of spinor indices can be replaced with an 
odd number (which we call pi for the ith pair) of vector indices by contraction with 7°, 7"^^^ or 
^abcde_ rjij^^ number of vector indices is then 

n n 

k + 2n + Pi + 2m = (k + n) + ^^(Pi + 1) + 2m = even, (65) 

i=l 1=1 

and hence there is no way to construct a 5-form, which has an odd number of vector indices. 

Essentially the same argument also goes through for any deformations of the (Abelian or non- 
Abelian) = 1 Super Yang-Mills Lagrangian in D = 10 (or indeed Yang-Mills coupled to a 
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spinor of canonical dimension). In this case the deformation is a scalar constructed from the 
fields W"' (dimension — ^) and Fat (dimension 0) and their covariant derivatives. Again one 
finds only even integer powers of / (or integer powers of a') in the deformations. Note that this 
is not the case in the case of the deformed M2-brane [HJ where one has to check explicitly that 
there are no deformations at for example. 

3.2 Perturbative construction of deformations 

To construct J we need to find a bosonic anti-self-dual 5-form (rep (00002)) inside the tensor 
product of some number of the representations ()381 139(1 . There are none linear in the above 
objects (obviously) and nor are there any quadratic. Therefore we consider terms cubic in the 
fields. The first such objects are at order There are three of the form AAT and one of the 
form "^TTT: 

Jl=fK'(^KjTa,aAla,]U, (66) 
J2 = fAb''h'^J'[a,a,{la,a,a,])ap, (67) 
J-i = I'^^b"^[a/^''a2i7a-sa4a5])al3, (68) 
J4 = I'^^b^[aia2^^a3^a4a5]^ (69) 

where anti-self-duality is implicit. To see which of these are exact, we must consider all possible 
spinors {5A)a which are cubic in the fields at order P. There are two: 



6A, = l^K/T^'J^Ul^U. (70) 
5A2 = l^K/j'''''J"'\ibcd)ap. (71) 

To calculate Ai5j4, we form the quantity (7ai...a5)"^VQ,5A^ for both of the above. The results 
are combinations of the Js above. We find that 



AiMi = J2, (72) 

AiMs = Jl - ^J4. (73) 

(74) 

So the above combinations of Js are exact. To check whether the remaining two linearly inde- 
pendent combinations are closed (i.e. A2 J = 0) we need to consider the possible anti-self-dual 
5-form spinors, C, (rep (00003)) which are cubic in the fields at order t^. There are two of these, 
given by the (00003) parts of: 



Cl = Z'A[,^"A,/A„3^(7a,a5]6)a/3(7')75> (75) 
C2 = /^A[ai°V*JFa2a3-^a4a5](76)a/3- (76) 
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Applying a spinor derivative to the remaining Js we find, 



A2J3 = -iCi (77) 
A2J4 = iC2. (78) 

Hence the only closed combinations of Js are exact and we find the cohomology is trivial at this 
order in I. 

We therefore proceed to higher order in The next possibility is l'^ and we find nineteen possible 
anti-self-dual 5-forms cubic in the fields. These are listed in the appendix. There are fourteen 
spinors {5A)a cubic in the fields at order Z^, however, there are at most twelve independent field 
redefinitions because there are two combinations which can be written in the form, 

(M)„ = V«0, (79) 

for some scalar (j). Such spinors are exact in the sequence and hence they give no field redef- 
inition. By direct calculation one can verify that indeed the remaining twelve are independent. 
There are six possibilities in the representation (00003). By counting one can see that there is at 
least one J which is closed since there are 19 Js in total, twelve of which are field redefinitions, 
leaving 7 possibilities. There are 6 constraints from the closure condition so there is at least one 
solution. Again a direct calculation reveals that there is indeed only one solution, which can be 
written in the form, 

Jai 02030405 = ^^V;,Ac"A^^V'':r[^^a2(7a3a4a5])Q,/3 - dual . (80) 

This is our main result. The above term represents the first supersymmetric and kappa- 
symmetric deformation of the Born-Infeld theory of the D9-brane at lowest order in fields and 
lowest order in the dimensionful parameter /. The details of the derivation are given in the 
appendix, where all the relevant quantities in the representations (00000), (00001), (00002) and 
(00003) are written explicitly. 

4 Derivative corrections to the equations of motion 

The derivative corrections to the equations of motion can be simply computed by including a 
non-zero Tap in the Bianchi identity. We work up to order three in fields since Tap is computed 
up to this order. The corrections to the various quantities given in section 2 are denoted below 
by a superscript (3,1), referring to order 3 in fields and order 1 in the deformation J. 

The Bianchi identity at dimension — ^, gives the gamma traceless part of J- ah in terms of Tap- 
We find 

^ab = ^{ibf^V'yTap. (81) 
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At dimension zero we find the leading corrections to the different irreps in ha^ . 

= 0, (82) 

^if^ = W'^T^^^'^pJabcde, (83) 
o 

= -^(7[a^^)°''V.V^J,,,]e/ - ^VV,,,,e. (84) 

At dimension ^ we have the correction to the supervariation of 

(V„^6j(3,i) = 2z(76c)^aV'^''') + ^(7[c)^'Vfe]V^^„,, (85) 
and the correction to the fermionic equation of motion, 

^^'''^ = -^'^^'^eJ'psilcfil'l^c. - ^{I'^ryM'^'^^ilh),.. (86) 
At dimension one we have no correction to the component Bianchi identity for Tab^ 

(V[,^f,e])^'''^ =0, (87) 
and the correction to the bosonic equation of motion, 

(V"^„fe)(3.i) = -^(^J-Va^(3a) + ^Vb/i(3.i)„7(^b^^)^« (88) 
The correction to V^A is then given by 

(V„Ab^)(3.i) = _(^,)75v^V'f ''^ + \{^hrcdf^^\l"')o? + Vfe/i(3.1)„7 (89) 

This verifies that the corrections to the theory are indeed specified just by fixing the deformation 
of the ^-constraint which is given by J. We have calculated the first possible deformation of 
the constraint at order and cubic in fields and hence the first derivative deformation of the 
Born-Infeld theory allowed by super symmetry. 

One could also explicitly calculate the corrections to the kappa- variations of the fields. These 
are of the same form as in the undeformed case. For the variations of the coordinates, one simply 
has to bear in mind that there are corrections to the embedding matrix induced by J 



For the variation of the gauge field one must account for the non-zero components J-ap and 
J- ah- However, it should be emphasised that a formulation where the symmetry is manifest is 
preferable to one where explicit variations are required. 
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5 Conclusions 



Using the superembedding formalism, we have shown that derivative corrections to the D9-brane 
effective action can be systematically computed in a manifestly kappa-symmetric manner. All 
supersymmetric and kappa-symmetric deformations of Born-Infeld theory can be identified with 
elements of a spinorial cohomology group. We have calculated explicitly the first such possible 
correction at leading order in the dimensionful parameter I and leading order in number of 
fields. In general, one expects corrections to the term we have found both at higher order in 
number of fields and at higher order in / in order to consistently solve the Bianchi identity. Any 
such higher order completion will necessarily not be unique due to the presence of higher order 
elements of the cohomology group. Given that some all order completion should exist, the term 
we have presented defines a kappa-symmetric theory which, upon gauge fixing, must reproduce 
the leading derivative correction to the four-point amplitude of the open superstring. It would 
be interesting to find an explicit form for such an invariant to all orders, although this would 
not be the complete effective action for the open superstring because it would not contain (for 
example) higher derivative four-point functions. It would also be of interest to find the correct J 
which would reproduce the full four-point interactions to all orders in /. One would require some 
input from string theory to fix the coefficients of the independent terms in such a calculation, 
as discussed in jSj. 

The constructions of |35 ^-nd the present work could be extended to branes with both gauge and 
transverse bosonic degrees of freedom. However, in the case of low (but not zero) codimension, 
there are two constraints to deform, the embedding constraint and the J^-constraint. We expect 
that in such cases the solution to the deformation problem is unique at order 

One can make use of our results in two ways: one could assume string theory dualities, and thus 
construct the effective theories for other D-branes by T-duality. Alternatively, one can perform 
the direct calculation, using the same method to check if there is in fact only one solution, thus 
guaranteeing that T-duality is respected to order by supersymmetry. 
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Appendix 

We use the highest weight notation for irreducible representations. The relevant group is 
Spin{l,9) which is D5 in the Cartan classification. The relevant irreducible representations 
are given by: 
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(10000) vector 

(01000) two-form 

(11000) traceless vector two-form 

(00001) downstairs spinor 
(00010) upstairs spinor 

(10010) gamma-traceless (upstairs) vector spinor 

(00002) anti-self dual 5-form 

(00003) anti-self-dual 5-form (downstairs) spinor 

Scaleirs at 

There are two ways of constructing the representation (00000) which are cubic in the fields. 
They are, 

VAAJ- : = fV,K,''K'^''T"'{^d)^p, (90) 
: 02 = /^A„"A/Vc^'^'(7')a/3. (91) 

Field redefinitions at 

There are fourteen ways of constructing the representation (00001) which are cubic in the fields: 



AV^JFJT 


: (5^i)a 




(92) 








(93) 


VAVJFJF 


: {SA^)a 


= /4VaA/V"J-^^J-,,(7'')a/3, 


(94) 




(M4)a 


= /4VaA/V"^,,.F^^(7'')„/3, 


(95) 




(5^5)a 




(96) 








(97) 




(M7)a 


= ^^V„A/V'^^'='^^'"^(7cde)a/3, 


(98) 


AVJFVJ^ 


: (M8)a 




(99) 




(M9)a 




(100) 




(5Al0)a 




(101) 




(5^1l)a 


= /^A/V»^5,V^.F,e(7'^^)a/3, 


(102) 


VAAA : 


(Mi2)a 




(103) 




(5Al3)a 


= l^VaA/A''''A''{7cde)a(^{7"'%S, 


(104) 




(5^14)a 


= l''VaA/A''^A'^\j,ae)ap{j'''l'yS. 


(105) 
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Two linear combinations of these are exact in the sequence (|54|) . One finds, 

Aoc/>i = -\{5A,) - \{5A,) + \{5A,) + \{5A^) - '-{dA,^) + ^(^^m), (106) 
Ao</)2 = (Mg) - \{5Aio) + 2i{5Ai2). (107) 

We can use these relations to eliminate {5Aiq) and {5A14) when computing which combinations 
of Js are exact in the sequence 

Deformations at 

There are nineteen ways of constructing the representation (00002) which are cubic in the fields. 
They are given below as tensors ^0102030405- It is understood that one antisymmetrises over the 
free indices ai...a^ and explicitly subtracts the dual. 





■■ Ji 




Vf, VcAoi " A*'^.F'^02 (7030405 )a/3, 


(108) 


AAV^J^ 


: J2 




fKh'^K/V^V^Taia2 {7a3a4a5)al3, 


(109) 




h 




/^Afc"Aoi^V^Vj^a203 (704050)0/3, 


(110) 








/^A6"Ac^V'^Voi.?-'^'^(7a20304a5(i)a/3> 


(111) 


VAVAJ^ 


■■ h 




/''V6Aoi"V^Ao2^.^0304 (7o5)a/3, 


(112) 








^^VbAc"V^A'^'^.7='aja2 (7030405)0/3, 


(113) 




J7 




/^VfcAc"V^Aoi^J^''a2 (7030405)0/3, 


(114) 




h 




^''VbAoi"VcAo2^.^'"^(7o30405)a/3, 


(115) 


VAAVJ^ 


: J9 




VfoAaj " Aa2 ^ V^J^o,304 (705 )a/3. 


(116) 








^''VfeAc^A^'^V'^ .7^0102 (7030405)0/3, 


(117) 




•hi 




^''Vf,Ac"Aa^^V''jF^a2 (7030405)0/3, 


(118) 




J12 




^^V;,Aoi°Ao2'^V''J^'^03 (704050)0/3, 


(119) 








^''VbAoi"Ac^V''jr^a2 (7030405)0/3, 


(120) 




Jl4 




^^VbAoi"Ac^Va2.^^'' (7030405)0/3, 


(121) 




Jl5 




^^VbAoi°A^^Vj^o203 (704050)0/3, 


(122) 




J16 




^''VbAc^A^^V'^jr^ai (7o2030405(i)o/3, 


(123) 




Jl7 




/ ^b^c-^aia2^ •J' a-j,J~ I4a5^ 


(124) 




J18 




^ c-'aia2^ •'azai-' 05, 


(125) 




Jl9 




I ^h-^ ^oi^ J~ 2203^ J~ anas' 


(126) 



From the twelve independent spinors given previously we derive the following twelve exact com- 
binations of the above Js which correspond to field redefinitions and not genuine deformations, 
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El = Ai(Mi 

E2 = Ai(M2 

= Ai(M3 
Ei = Ai(M4 
E5 = Ai{SA5 
Ee = Ai{SAe 
E-j = Ai(M7 
Es = Ai{6As 

Eg = Ai{SAg 

Eio = Ai{SAn 
En = Ai(Mi2 

E12 = Ai(Mi3 




(127) 
(128) 
(129) 
(130) 
(131) 
(132) 
(133) 
(134) 
(135) 
(136) 
(137) 
(138) 



The notation [...] is used above to denote a linear eombination of terms involving A (the terms 
Ji to Jiq). The details of the linear combination are not needed for the ensuing analysis. The 
above relations mean that it is consistent to remove all but J3, J4, J5, Jg, Jio, J14, Jie from the 
set of Js to check which satisfy closure non-trivially. 

Closure constraints at 

There are six ways of constructing the representation (00003) which are cubic in the fields. They 
are given below as tensors, C'^^"''^'^'-^""^"'^^- It is understood that one should antisymmetrise the 
free indices ai.-.a^, explicitly subtract the dual and take the 7-traceless part. 



AAV^A : Ca 
VAV^J^J^ : C4 
VAVJ^VJT : C5 
AV^J^V.^ : Ce 



VAVAA : Ci 
C2 



/^V6A"i"VcA«2/3A^^(7"^'"4"-^)„,fl(7'')^5 



(139) 
(140) 
(141) 
(142) 
(143) 
(144) 



l^^f^A'^l'^S/bj^'^-.a-s^cjra^a, ^^^^^^ 



Applying A2 to the nineteen Js we find: 
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= fC's 


A2J8 = 


-2zCi 


A2J15 = 


-2C5 


A2J2 


= 


A2J9 = 


-\{Cb + C'e) 


A2J16 = 


-8iC 


A2J3 


= -2C6 


A2J10 = 





A2J17 = 


-id 


A2J4 


= -8iC3 


A2J11 = 


-iC2 


A2J18 = 


-id 


A2J5 




A2J12 = 


Ce — C5 


A2J19 = 


-id 


A2J6 


= 


A2J13 = 


-iC2 






A2J7 


= -iC2 


A2J14 = 


i{Ci + C2) 







(145) 



Thus we can see that from the set, { J3, J4, J5, Jg, Jio, J14, Jie}, the only closed J is given by 
Jio- This is the fist non-trivial deformation of the ^-constraint. 

In constructing the terms in the preceding sections the program LiE, "HS^ proved useful. We 
used it to check that we found the correct number of terms of each representation. We have 
also checked some of the gamma-matrix manipulations with the Mathematica package GAMMA 
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